Abstract. We prove a 1978 conjecture of Richard Weiss in the case of groups with composition factors of bounded rank. Namely, we prove that there exists a function g : N × N → N such that, for Γ a connected G-vertex-transitive, G-locally primitive graph of valency at most d, if G has no alternating groups of degree greater than r as sections, then a vertex stabiliser in G has size at most g (r, d).
Introduction
A graph Γ is said to be G-vertex-transitive if G is a subgroup of Aut(Γ) acting transitively on the vertex set V Γ of Γ. We say that a G-vertex-transitive graph Γ is G-locally primitive if the stabiliser G α of the vertex α induces a primitive permutation group on the set Γ(α) of vertices adjacent to α. In 1978 Richard Weiss [24] conjectured that for a finite connected G-vertex-transitive, G-locally primitive graph Γ, the size of G α is bounded above by some function depending only on the valency of Γ. In spirit this conjecture is similar to the 1967 conjecture of Charles Sims [19] (stated in the graph theoretic context) for a G-vertex-primitive graph or digraph Γ, the size of the stabiliser of a vertex is bounded above by some function of the valency of Γ. In summary, in the conjecture of Weiss the graph Γ is assumed to be locally primitive, connected, and vertex-transitive; in the conjecture of Sims the graph Γ is assumed to be locally transitive and vertexprimitive (and hence connected). Despite the fact that the Sims Conjecture has been proved true in [8] , the truth of the Weiss Conjecture is still unsettled and only partial results are known, much of them focussing on the "locally 2-transitive" case [10, 22, 23, 25, 26, 27] apart from the normal quotient reduction results in [9, 13] .
Let Γ be a connected G-vertex-transitive graph of valency at most d. If G has a normal subgroup K with at least three orbits on V Γ, then the group H = G/K is called an intransitive head of G. We write α K for the K-orbit of the vertex α of Γ. The normal quotient Γ K is the graph whose vertices are the orbits of K on V Γ, with an edge between two distinct vertices α K and β K in Γ K , if and only if there is an edge of Γ between α and β for some α ∈ α K and some β ∈ β K . It was proved in [13, Section 1] that Γ K is an H-vertex-transitive graph of valency at most d. Furthermore, if Γ is G-locally primitive, then Γ K is H-locally primitive and the vertex stabilisers for H on Γ K and for G on Γ are isomorphic groups. Thus for proving Theorem 2 it is sufficient to consider the case where there is no non-trivial normal quotient reduction. The groups G without non-identity normal subgroups K with at least three orbits on V Γ (and hence admitting no reduction) are called quasiprimitive (if every non-identity normal subgroup of G is transitive) and biquasiprimitive (if G is not quasiprimitive and every non-identity normal subgroup of G has at most two orbits).
In [9] an analysis of G-locally primitive graphs with G quasiprimitive on vertices was undertaken, considering separately each of the eight types of quasiprimitive groups according to the quasiprimitive groups subdivision described in [14] . For six of the eight quasiprimitive types it was proved that |G α | is bounded above by an explicit function of the valency, reducing the problem of proving the Weiss Conjecture for quasiprimitive groups G to the almost simple and product action types AS and PA ([9, Section 2]). The PA type was also examined in [9, Proposition 2.2], but unfortunately the proof contains an error. (We explain the mistake in Remark 9.) In this paper we actually prove a more general result from which, in the light of the comment above, Theorem 2 follows immediately. 
Theorem 4. There exists a function
If the graph Γ is G-locally primitive, then by [13, Section 1] the subgroup K α is trivial (and so Theorem 4 follows immediately from Theorem 5). As we noted in Remark 3, the Weiss Conjecture would assert that in this case the function g can be chosen so as not to depend on r. More generally we ask: Question 6. What is the weakest local assumption that guarantees a bound on the size of G α /K α in terms of the valency d alone?
In Section 3 we give examples which show that some local assumption is needed even in the case when G is quasiprimitive. Namely, we construct connected G-arctransitive graphs Γ of valency 2r such that G ∼ = Sym (m + 1)r − 1 and G α ∼ = Alt(r) m−2 × Alt(r − 1) for all m ≡ 3 mod 4 and r ≥ 3. These examples also yield generating sets A of size 2(r!) m−1 in Sym (m+1)r−1 such that |A 3 | ≤ 4r 2 |A|. This shows that the analogues of the results obtained in [17] and [4] for bounded rank families of simple groups of Lie type do not hold for the family of finite symmetric groups.
It would be interesting to know whether there exist families of G-arc-transitive graphs of fixed valency with unbounded vertex stabilisers (where each G is isomorphic to some alternating or symmetric group) which are essentially different from the ones mentioned above. Motivated by the known examples we ask the following: 
Remark 9. In [9] the G-vertex-quasiprimitive, G-locally primitive graphs were analysed and an attempt was made to reduce the proof of the Weiss Conjecture in this case to the situation where G is an almost simple group. This was only partially successful: when working on this paper a subtle mistake in the handling of the product action case (quasiprimitive groups of type PA) was discovered. The result [9, Proposition 2.2] cannot be recovered, as we were able to construct a counterexample; see Example 16. This example demonstrates that there is no natural reduction to the case of G almost simple. A completely new combinatorial approach was needed, developed in [16] , to enable powerful new results from [17] and [4] to be applied. Example 16 gives a connected graph Γ of valency 9 and a group G ≤ Aut(Γ) with G quasiprimitive on vertices of product action type PA and a vertex stabiliser inducing Sym(3) wr Sym(2) in its primitive product action on the vertex neighbourhood. There is a naturally defined associated H-arc-transitive graph of valency 9 where H is almost simple with socle T , with T the simple direct factor of the socle of G. The (incorrect) proof of [9, Proposition 2.2] asserts that this graph is H-locally primitive. However, for this graph the local action induced by a vertex stabiliser in H is Sym(3) × Sym(3) (having two intransitive normal subgroups Sym(3)).
Proofs of the theorems
We start by deriving Theorems 2 and 4 from Theorem 5.
Proof of Theorems 2 and 4 from Theorem 5. Let g be the function in the statement of Theorem 5. Assume that Γ is a connected G-vertex-transitive and G-locally primitive graph of valency at most d and that G has an intransitive head G/K that is a BCP(r)-group. (For Theorem 2 take K = 1.) Choose K maximal such that K has at least three orbits on the vertices of Γ with K ⊆ K. We conclude that the action of G/K on the set of K-orbits is faithful and is either quasiprimitive or biquasiprimitive. Since G/K is a BCP(r)-group and K ⊆ K, we have that G/K is a BCP(r)-group. Let α be a vertex. By Theorem 5,
We now use the fact that Γ is connected. In case (i), since G is vertex-transitive, K β is transitive on Γ(β) for all vertices β, and it follows from connectivity that K is edge-transitive and so has at most two orbits on vertices, contradicting the assumption that G/K is an intransitive head. In case (ii) by connectivity, K α fixes every vertex of Γ, and so
Before embarking on the proof of Theorem 5 we recall the definition of a coset graph and some elementary results. It was proved by Sabidussi [18] that every G-vertex-transitive graph Γ is isomorphic to some coset graph of G. More precisely, we have the following well-known result. In the proof of Theorem 5 we will use two new results (which we report below), one combinatorial [16] (see Theorem 13) and the other group theoretic [17] (see Theorem 14) . For stating Theorem 13 we need the following definition (see [14] and [15, Theorem 1.1]). Also we denote the set of functions N → N by Func(N).
Definition 12.
If G is a quasiprimitive or biquasiprimitive permutation group with socle T with T simple, then we call T the socle factor of G.
Theorem 13 (Theorems 4 and 5 in [16]). There exists a function h : N → N such that for Γ a connected G-vertex-transitive graph of valency at most d and α a vertex of Γ, if G is quasiprimitive or biquasiprimitive on vertices with socle factor T , then either
( 
The following result already has many applications to the construction of families of expander graphs and in number theory; see e.g. [2, 3, 5, 6 ]. Here we give a rather different kind of application.
Theorem 14 (Theorem 3 in [17]; see also Theorem 2.3 in [4]). Let T be a simple group of Lie type of rank r and A a generating set of T . Then either
T = A 3 or |A| 1+ε(r) ≤ c(r)|A 3 |
with positive constants c(r) and ε(r) depending only on the Lie rank r of the simple group T .
In Lemma 15 we derive from Theorem 14 the proof of Theorem 5 in the preliminary case that the group T of automorphisms of the graph Γ is a BCP(r)-group with T simple.
Lemma 15. There exists a function f : N × N → N such that for Γ a connected Tvertex-transitive graph of valency at most d, if T is a BCP(r)-group with T simple, then a vertex stabiliser in T has size at most f (r, d).
Proof. By Proposition 11, we may identify Γ with Cos(T, T α , A) and the action of T on Γ with the action of T by right multiplication on the right cosets of T α in T , for some union A of T α -double cosets.
Assume that T is abelian or a sporadic simple group or Alt(n) for n ≤ r. Clearly |T α | ≤ max{r!, |M |}, where M is the Monster sporadic simple group.
Assume that T is a simple group of Lie type. As T is a BCP(r)-group, then, as noted in the introduction, T has Lie rank at most r. Since Γ has valency d 0 ≤ d and the neighbours of the vertex T α are the T α -right cosets contained in A, we have 1 a 2 a 3  with a 1 , a 2 and a 3 in A. By definition of the coset graph, T α a 3 , T α a 2 a 3 , T α a 1 a 2 a 3 ) is a path of length 3 from T α to T α x in Γ. Thus every vertex T α x of Γ with x in A 3 is at distance at most 3 from T α . Since Γ has valency d 0 , the number of vertices at distance at most 3 from α is at most 1
Since Γ is a connected undirected graph, we have T = A . From Theorem 14, we obtain that either T = A 3 or there exist positive constants c(r) and ε(r), depending only on the Lie rank r of the simple group T , such that |A|
and hence the number of vertices of Γ is bounded by a function of d. In particular,
and thus in all cases |T α |≤f (r, d) where
Finally we are ready to prove Theorem 5.
Proof of Theorem 5. Let h and p be the functions in the statement of Theorem 13 and f the function in the statement of Lemma 15.
Assume that Γ is a connected G-vertex-transitive graph of valency at most d, that G has an intransitive head G/K that is a BCP(r)-group, and that G/K is quasiprimitive or biquasiprimitive on VΓ K . Let α be a vertex of Γ. We consider the action of G/K on the normal quotient graph Γ K . Since Γ has valency at most d, we obtain that Γ K has valency at most d. The socle of G/K is T for some simple group T and integer (by [14] and [15, Since G/K is a BCP(r)-group, so is T . Now, for each i = 1, 2, we apply Lemma 15 to Λ i and T , and we obtain f (r, d(d − 1)), f(r, d(d − 1))) ≤ g(r, d) , and the theorem is proved.
We conclude this section by giving the example described in Remark 9.
Example 16. The graph Γ will be a connected G-vertex-transitive, G-locally primitive graph of valency 9, where G ≤ Sym(10) wr Sym(2) is quasiprimitive of type PA with socle Alt (10) 2 . The naturally defined associated Sym(10)-arc-transitive graph will have valency 9, and the local action induced by Sym (10) is the product action of Sym(3) × Sym(3) which is imprimitive (having two intransitive normal subgroups Sym (3)).
Let H = Sym(10), x = (1, 2, 3)(4, 5, 6) (7, 8, 9) , y = (1, 4, 7)(2, 5, 8)(3, 6, 9), z = (2, 3)(5, 6)(8, 9), t = (4, 7)(5, 8)(6, 9) and ι = (1, 10). Write K = x, y, z, t . Clearly, K = x, z × y, t ∼ = Sym(3) × Sym(3). Let Δ be the H-set H/K and Λ the coset graph Cos(H, K, KιK). Since ι is an involution, Λ is undirected. Also, as K ∩K ι = z, t and |K : z, t | = 9, the graph Λ has valency 9 and the local action is the natural product action of Sym(3) × Sym(3) of degree 9. Furthermore, it is easy to check that H = K, ι , and hence the graph Λ is a connected H-arc-transitive vertex-quasiprimitive graph.
Let W be the wreath product H wr Sym(2) = (H × H) π , where (3) and also (x, y), (z, t) and (y, x), (t, z) commute. Therefore we have that |L| = 72 and L is isomorphic to Sym(3) wr Sym (2) .
Let Ω be the G-set G/L. As z, t ∈ Sym(10) \ Alt(10) and (z, t) ∈ L, we have
, (zt, tz) has order 18. In particular, N is the unique minimal normal subgroup of G and is transitive on Ω since G = NL. Thus G is quasiprimitive on Ω. Since N ∩ L projects to proper non-trivial subgroups of T , the group G has quasiprimitive type PA (see [14] ).
Note that the group
, we have that the N -space Σ is permutation equivalent to the N -space D 2 , where D = T/(K ∩ T ). As the action of T on D is equivalent to its action on Δ, we obtain that the N -space Σ is equivalent to Δ 2 with N acting in product action. Finally, since Σ is G-invariant, the action of G on Σ is equivalent to its product action on Δ 2 .
Let Γ be the coset graph Cos(G, L, L(tzι, ι)L).
Denote by α the vertex L of Γ and by β the vertex L(tzι, ι) of Γ. Since the involutions z, t and ι of H are pairwise commuting, the element (tzι, ι) is an involution of G interchanging α and β, and hence Γ is undirected. Furthermore, (z, t) (
A similar computation with (x, y) and (y,
, and so Γ has valency 9. Moreover, as L ∩ L (ztι,ι) is a Sylow 2-subgroup of L and any two distinct Sylow 2-subgroups of L generate the whole of L, we obtain that the action of G α on Γ(α) is primitive. Then Γ is G-locally primitive with the claimed local action.
It is easy to show with the invaluable help of Magma [7] that G = L, (ztι, ι) , from which it follows that Γ is connected.
The main examples
In this section we construct connected G-arc-transitive graphs for which G α can be arbitrarily large compared to the valency. Recall that by the ThompsonWielandt theorem [21] , if G is a primitive group and d is the size of a suborbit, then for some prime p the size of G α O p (G α ) is bounded by some function of d (this result is the starting point of the proof of the Sims Conjecture [8] ). The examples given below show that even the analogue of the Thompson-Wielandt theorem fails for quasiprimitive groups.
As noted in the introduction, these examples also yield exponentially large generating sets of symmetric groups with very small growth.
Let m be an integer with m ≡ 3 mod 4, r ≥ 3 and Ω = {1, . . . , r − 1 + mr}. Let P = {X 0 , . . . , X m } be the partition of Ω defined by In particular, for j ∈ {0, . . . , m − 1}, we have |X j | = r and |X m | = r − 1. For each j ∈ {0, . . . , m}, write Alt(X j ) for the alternating group on X j fixing point-wise Ω \ X j . Note that for i, j ∈ {0, . . . , m} with i = j we have that Alt(X i ) centralises Alt(X j ). Set 
